A method is proposed to compute moments of distributed coupled RLC interconnects. Both uniform line models and non-uniform line models will be developed. Considering both self inductances and mutual inductances in multi-conductors, recursive moment computations formulae of lumped coupled RLC interconnects are extended to those of distributed coupled RLC interconnects. By using the moment computation technique in conjunction with the projection-based order reduction method, the inductive crosstalk noise waveform can be accurately and efficiently estimated. Fundamental developments of the proposed approach will be described. Simulation results demonstrate the improved accuracy of the proposed method over the traditional lumped methods. key words: uniform and non-uniform distributed coupled RLC interconnects, inductive crosstalk noise, moment computations, Kryolv subspace model-order reductions
Introduction
Modern technological trends in interconnect modeling have attracted considerable attention in high-speed VLSI designs. Owing these designs with performance considerations, increased clock frequency, shorter rise times, higher wire density, and the use of low-resistivity materials, on-chip inductance effects can no longer be ignored in interconnect models [1] . The importance of coupling inductance effects has grown continuously since nanometer technology has emerged over the last few years [2] - [4] . It has been observed that crosstalk noise estimations made by considering inductance effects may yield more pessimistic results than those made without considering it. It is advisable to consider both self inductances and mutual inductances while estimating crosstalk noise between neighbor wires including inductance effects. This paper extends our previous work about lumped coupled RLC interconnect models [5] . It aims to estimate crosstalk noise for distributed coupled RLC interconnects while considering both uniform multi-conductors and nonuniform multi-conductors. For practical designs, the nonuniform interconnects are often used to optimize the circuit performance. Much research has focused on establishing distributed line models for simulations [6] - [9] . However, it seems that no suitable models of non-uniform distributed multi-conductor transmission lines have been developed for efficiently analyzing noises. The techniques employed here are model-order reduction methods [10] - [13] . We use moment computation techniques to construct a reduced-order system. All line current and voltage moments are approximated as polynomial functions, which depend on the coordinate of the line. The circuit parameters of the non-uniform transmission lines can also be represented as polynomials by means of numerical interpolations. Under this framework, all of the coefficients of the polynomials of moments can be calculated recursively. Recursive moment computational formulas of moment models for distributed coupling transmission lines are also developed. Thus, crosstalk-metric models for distributed coupled RLC trees are also established. A stable reduced-order model will be constructed implicitly by using the recursive moment computation technique in conjunction with the projection-based model-order reduction method. Crosstalk noise estimations will be made by investigating the crosstalk noise of this reduced-order network. The rest of this paper is organized as follows. Section 2 presents recursive formulas of moments from distributed coupled RLC interconnect models. Both uniform cases and non-uniform cases will be investigated. Section 3 introduces an efficient method for establishing reduced-order models to estimate crosstalk noise with guaranteed stable poles. Section 4 presents the simulation results. Finally, conclusions are made in Sect. 5.
Moments Computations
We will utilize tree structures to represent RLC interconnections. A set of coupled RLC trees includes several individual RLC trees with capacitive and inductive couplings to each other. Each RLC tree is comprised of floating resistors, self inductors, and distributed lines from the ground, and capacitors that connect nodes on the tree and to the ground. Notably, a distributed RLC-tree model excludes couplings and resistor loops.
Notation, extended from the coupled RLC-tree model developed in [5] , is introduced to describe clearly about complex coupled RLC tree structures. Table 1 summarizes mathematical symbols that will be utilized in this paper. 
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where Eqs. (3) and (4) are derived from KCL and Eq. (5) is derived from KVL.
To reduce the computational cost of the integrations in (4) and (5), the line current and voltage moments, i i c j,k (x) and v i j,k (x), are approximated as polynomials [8] ,
If k = 0, the zeroth-order polynomial i 
Integrating
Substituting Eq. (8) into Eq. (5) concludes that
It is worthy to mention that all these coefficients can be calculated recursively by using the method similar to the recursive moment computation algorithm developed in [5] . The following lemma shows the relationship of the orders of the coefficients αs and βs. It can be proven by simple algebraic manipulations of Eqs. (7) and (9).
Lemma 2. (Orders of αs and βs)
The order of polynomials m k and p k and the order of moments k have the following relationships:
Once the coefficients αs and βs are computed, the moment model of coupled RLC lines can be established. From Eq. (4), by setting x = 0, we have
where
represents the summation of the capacitive currents of Line i j . Moreover, Eq. (5) can be rewritten
and 
The following lemma provides the recursive moment formulae of the kth-order moments of v 
All these coefficients can be calculated recursively by using the method similar to the recursive moment computation algorithm developed in [5] . Relationships between system moments and coefficients αs and βs are summarized in the following lemma. 
Once coefficients αs and βs are obtained, the moment model of coupled RLC non-uniform lines can be established, as shown in Fig. 2 . From Eq. (18), by setting x = 0, we obtain
represents the total capacitive current of Line i j . Similarly, Eq. (19) can be rewritten as below:
where In order to incorporate coupled distributed lines into the moment computation algorithm, the recursive formulae are required to be updated. The kth-order current moments can be written as 
The computational complexity of the recursive formulae of the distributed model is O(nk 2 ), where n is the number of nodes in the trees. However, The computational complexity of the recursive formulae of the lumped model is equal to O(mk), where m is the number of nodes in the tree [5] . Therefore, under general situations where m > nk, in terms of computational complexity, the distributed model seems to be superior to the lumped one. Simulation results in Sect. 4 will demonstrate this result.
Estimating Crosstalk Noise with Stable-Pole Models
The crosstalk waveform model can be approximated bŷ
where all of k i and p i for 1 ≤ i ≤ q are poles and residues of the q-pole reduced-order modelV(s). The guaranteed stable poles can be yielded by solving the roots of |sM +N| = 0, where matricesM andN are generated by the congruence transformation of the MNA matrices M and N [8] . In recent study [13] , distributed lines, which are infinite-order systems, are modeled as finite-order macro models by the integrated-congruence transform. Thus the MNA formula can be constructed as follows:
where 
] is used as the congruence transform matrix, then the MNA matrices of the reduced-order model are obtained [3] :
Thus, the kth-row and the lth-column entry ofN andM be-
, respectively. The entries inM andN are subtly related, as summarized in the following proposition. Proposition 1. The entries ofM andN have the following subtle relationships:
Consequently, exceptm kk , all entries inM can be determined directly fromN. The remaining task is to calculate each entry inN and the entrym kk . Since the recursive moment formula implies 
where b i j,n is indeed the coefficient of the term z n in the 
Similar to the results developed in [5] , the entries in matrixN can be simplified further. 
Experimental Results
The two-line coupling circuits, presented in Fig. 4 , are studied to estimate crosstalk noise and verify the accuracy of the proposed method. Both uniform and non-uniform interconnects are considered in our test cases. The line parameters of uniform distributed line are, resistance: 3.5 Ω/mm; capacitance: 5.16×10 −4 F/mm; self inductance: 3.47×10 −1 H/mm; coupling capacitance: 6 × 10 −4 F/mm; and mutual inductance: 1 × 10 −1 H/mm. In the non-uniform circuits, the −6 x 2 nH/mm. We implemented our interconnect models by using Matlab 6.5. Peak values of noise were considered for circuits of different cases that involved different circuit topologies, line lengths, coupling locations, effective driver impedances, and rise times. The lengths of the coupling lines of net 1 belong to the set L1 = {1, 2, 3, 4, 5} (mm) and those of net 2 has the same set L2 = {1, 2, 3, 4, 5} (mm); and the length of net 2 is smaller than that of net 1. In each case, net 1 and net 2 are independently excited. Ad- ditionally, four effective driver impedance pairs, 3Ω − 3Ω, 3Ω−30Ω, 30Ω−3Ω, and 30Ω−30Ω, which are connected to the near ends of the two nets, are studied. The voltage source connected to the aggressor net is a ramp function with two rising times, 0.02 ns and 0.1 ns, and with a normalized unit magnitude. Thus, a total of 2240 cases are used to examine the accuracy of the proposed method. The conventional one-pole model (1P) and two-pole model (2P) [8] and the new method with the three-pole model (S3P), the four-pole model (S4P), ..., and the sixpole model (S6P) are comparatively investigated. Table 2 shows the absolute and relative average errors of crosstalk peak value with different effective driver impedance and rise time of uniform distributed interconnections. Table 3 lists the absolute and relative average errors of the time reaching the crosstalk peak value with different effective driver impedance and rise time of uniform distributed interconnections. The corresponding simulation results of non-uniform distributed interconnections are shown in Table 4 and Table 5, respectively. Table 6 summarizes the absolute and relative errors of the crosstalk peak values comparison, determined by HSPICE (the wire resistance, capacitance, and inductance distributed per 20 µm). Among 2240 cases, model 1P has unstable poles in 40 cases and model 2P is unstable in 15 cases. To compare the efficiency and the accuracy between distributed lines and lumped lines, Table 7 summarizes the computational times and the relative errors of model S6P. Simulation results yield the following observations:
1. The models generated by the proposed method outperform the conventional 1P and 2P models. Thus these conventional models are no longer appropriate for coupled RLC trees. Increasing the order of the reducedorder models allows the proposed models to perform more accurately. 2. From the viewpoints of the absolute errors in Table 6 , model S3P, whose average error is smaller than 10%, seems acceptable for estimating cross-talk noise. However, the relative errors implied that model S3P is not as accurate as expected. Model S6P is recommended to balance computational efficiency and estimation performance. As an illustration, Fig. 5(a) shows the input waveform and Fig. 5(b) shows the crosstalk waveforms of Spice, S3P, S4P, and S6P models with two nonuniform distributed coupled lines L1 = L2 = 1 mm, the line parameters are mentioned above. In addition, the crosstalk points are the near ends of the two nets. Obviously, the waveform of model S6P is more similar to that of SPICE than that of model S3P. 3. The computational time of moments and the relative errors of Model S6P yielded by the proposed method are 29.56 seconds and 6.38%, respectively. Table 7 in- dicates that it costs more than 902.13 seconds to obtain the same relative error by using lumped coupled RLC lines. Obviously, the efficiency and the accuracy of distributed models outperform those of lumped models.
Conclusion
This paper proposed new recursive formulas for computing moments of distributed coupled RLC trees. A method for estimating inductive crosstalk noise for coupled RLC-tree models is also described. The peak value of the crosstalk waveform can be estimated efficiently by using the proposed moment computations of the RLC-tree models to approximate the waveform of coupling noise. Simulation results also demonstrate the efficiency and accuracy of the proposed method.
Our initial research provides a systematic technique to estimate capacitive and inductive crosstalk noise. The test examples demonstrate encouraging results. Our current research efforts include estimating crosstalk noise more efficiently and accurately and predicting crosstalk defects in large uniform and non-uniform distributed RLC interconnect circuits.
